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The nonlinear capillary instability of a liquid jet. 
Part 2. Experiments on jet behaviour 

before droplet formation 
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The behaviour of a perturbed capillary jet is experimentally determined by studying 
the jet from the time it emerges from a small hole to the point a t  which individual 
droplets of fluid begin to form. Under any particular set of externally applied experi- 
mental parameters, i.e. jet velocity, disturbance wavenumber and amplitude, there 
is a unique, minimum time to this breakup into drops. This characteristic is needed to 
relate the magnitude of the input voltage to the modulating device and the output 
velocity perturbation that it produces. Using this relationship we then compare the 
experimentally produced profiles of jet shape to corresponding ones calculated by 
using the theory of Chaudhary & Redekopp (1980). The agreement is satisfactory, 
especially for small values of input voltage. Then, in the neighbourhood of the cut- 
off wavenumber, we show that the predicted linear growth of the jet profile is also 
reproduced in the experimental model. 

1. Introduction 
The instability and breakup of a capillary jet has been investigated extensively in 

recent years. The earliest theoretical and experimental work is summarized in The 
Theory of Sound (Rayleigh 1945). The dispersion curve computed by him shows that 
maximum growth rate of an axisymmetrical disturbance occurs at  a non-dimensional 
wavenumber k, = 0.697. 

Furthermore, according to linear theory, the cut-off wavenumber, i.e. the wave- 
number above which the surface disturbance does not grow, is always one. However, 
Yuen (1968) and Nayfeh (1970) have shown that the cut-off wavenumber is dependent 
on the amplitude of the initial disturbance. For an initial velocity perturbation 
Chaudhary (1977) has shown that for finite disturbance there is no sharp cut-off wave- 
number. Rather, there is a cut-off zone, where the growth rate changes from exponential 
to linear (near k, = 1) to an oscillatory solution. The cut-off wavenumber (k = 1) is 
found to exist only in the limiting case of an infinitesimal initial disturbance. 

Our experimental investigation was motivated by a desire to more completely 
understand the nonlinear growth of the capillary jet and to correlate the results 
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FIGURE I .  Schematic representation of the liquid jet modulator. 

with Chaudhary & Redekopp’s (1980) theory of the growth of an initial velocity 
perturbation. 

An apparatus was designed to study the nonlinear growth of a capillary jet and its 
manner of breakup. We wished to study the characteristic of the satellites that are 
formed and, in particular, to achieve either a desirable satellite configuration or to 
eliminate them altogether. Enough flexibility was included in the experimental 
apparatus to enable investigation over a wide range of input parameters, i.e. the 
amplitudes and wavenumbers of the fundamental and the harmonic inputs and the 
phase of the harmonic in relation to the fundamental. In  this paper only the nonlinear 
stability of the capillary jet itself is investigated, while in Chaudhary & Maxworthy 
(1 980) the investigation of the production and control of the satellites will be presented. 

Section 2 describes the apparatus and the experimental procedure. Section 3 gives 
the details of the experimental approach and characterization of the jet producing 
and disturbing device (modulator), while $ 4  presents the experimental results and 
their comparison with theory. Section 5 investigates the jet behaviour in the cut-off 
zone. 

2. Apparatus 
Jet modulator 

The heart of the system is a device to form the jet and apply a controlled disturbance 
to it. This is shown schematically in figure 1. Pressurized fluid is fed into a manifold, 
where periodic disturbances are applied using a piezoelectric transducer with one face 
in contact with the fluid. The conductivity of the fluid completes the electric circuit. 

The jet issues from a round glass nozzle of 0.0012in. nominal diameter. At the exit 
plane of the nozzle, i t  is assumed that the jet is of uniform diameter with the disturbance 
applied in the form of a velocity perturbance over the mean velocity field. 
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Control equipment 
The overall experimental arrangement is shown schematically in figure 2. A digital 
logic circuit is used so that a fundamental and a harmonic (2nd or 3rd) can be generated 
independently and the phase difference between the two can be selected in steps of 
? 22.5'. These are then used to drive two phase-lock function generators, which give 
a properly phased sinusoidal output. Relative amplitudes of the fundamental and the 
harmonic can be individually adjusted and the phase difference can be finely tuned. 
Once the two wave forms are brought precisely in phase with each other, the digital 
logic can shift the phase in precise steps of + or -22.5". The two wave forms 
are then summed using an operational amplifier, and the composite signal is then 
further amplified by a wide-band amplifier, and the amplified signal is fed to the 
modulator. 

A pressurized tank is used to supply liquid at a desired pressure. The air pressure 
in the tank can be adjusted with the pressure regulator. A 0.2,um filter removes any 
contamination from the fiuid. For all the present experiments the pressure of the fluid 
supplied to the modulator was adjusted to obtain the required jet speed, thereby 
obtaining the desired wavenumber for a fixed input frequency. 

The modulator is mounted on an z, y micrometer stage to facilitate length measure- 
ments and observe the jet a t  various points along its axis. The micrometer stage and 
the observation equipment are mounted on a heavy Mojave granite optical table to 
eliminate extraneous vibrations. 

Obeervation technique 

For instantaneous observation of the jet, a synchronized light-emitting-diode (LED) 
stroboscope is used. The pulsed light is received by a television (TV) camera through 
an amplifying lens system and fed to a TV monitor. The LED is driven by a pulse 
synchronized to the fundamental wave. To facilitate observation of the jet at  different 
instants, the phase of the LED drive pulse can also be adjusted in relation to the 
fundamental. 

A thin wire mounted on the monitor screen provides a reference point for measure- 
ments along the jet axis. The modulator is adjusted at  its mount,ing base to ensure that 
the jet is in line with the x axis of the micrometer stage; thereafter the length measure- 
ments can be made by referring to a fixed point on the TV screen. To measure the 
breakup distance of the jet, the phase of the LED is adjusted to observe the jet 
precisely at the instant when the separation point is at a minimum distance from the 
nozzle exit. To record the shape of the drops and the satellites, photographs were 
taken from the TV screen using a Tektronix C- 10 camera with Polaroid 545 Land Film 
Holder using Polaroid Type 52 film. 

Preparation of the jet Jluid 

The liquid used in all the experiments was water modified to a small degree by additives. 
Five gallons of liquid were prepared from 18 Mi2 de-ionized water and in order to 
avoid any biological growth, 0.1 yo of a commercial bioside (Proxel) was added. For the 
operation of the particular jet modulator used in the experiments, it was necessary 
for the fluid to have some conductivity and -0.5y0 of sodium nitrate (NaNO,) 
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was added to provide this. The whole volume of the fluid was filtered through a 
0.22,um filter and then the following properties were measured (at a temperature of 
77 O F ) :  

kinematic viscosity = 0.91 1 x cm2 8-1, 

pH = 10.4, 

surface tension = 65.3 dyn cm-l, 

specific gravity = 1.002. 

resistivity = 167 Q cm-l, 

3. Experimental procedure 
Measurement of the je t  diameter 

As a first step the mean diameter of the (undisturbed) jet was determined experi- 
mentally. The nozzle had a nominal diameter of 0.0012 in., measured with a precision 
microscope. A short distance from the nozzle where the jet approached a uniform 
velocity profile, the jet diameter could be slightly different from the nozzle diameter. 
The actual value was established by collecting liquid a t  a known velocity for a known 
length of time and weighing the liquid on a microbalance. To measure the velocity of 
the jet, a 100 kHz disturbance was applied to the jet modulator and pressure was 
adjusted to produce a wavelength of 0.0084 in. The jet velocity was then determined by 
measuring the length of the first 20 wavelengths from the first discrete drop.? The jet 
diameter thus established was 0.00153in. and this value is used in all calculations. It is 
assumed here that the mean velocity is not affected by the applied disturbances and 
that the aerodynamic drag on the jet column and droplets is small. 

Determination of the modulator characteristics 
The input disturbance to the modulator is in the form of a periodic electric potential 
applied to the piezoelectric transducer. The transducer, in turn, creates pressure and 
velocity disturbances in the liquid in the manifold. As a result the issuing jet has a 
velocity disturbance associated with it. To compare the theoretical results to the 
experiments, it  is necessary to relate the magnitude of the applied electric potential 
to the magnitude of the velocity perturbation within the jet a t  the nozzle exit. 

For present purposes, it was thought most sensible to determine the transfer function 
of the modulator experimentally, so we treat it  as a black box with the electric potential 
as input and the initial velocity perturbation as output. In  general, we can expect that 
the transfer function will be a function of the operating frequency, applied potential 
and the wavenumber. Dependence on the frequency will be primarily due to the 
characteristics of the piezoelectric elements and the structural resonances of the 
modulator, so to avoid this dependence all the experiments are performed at a funda- 
mental frequency of 100 kHz only. Now, the transfer function can be expected to 
depend on the applied voltage and wavenumber only. 

Assuming that the modulator creates primarily an initial velocity perturbation, an 
applied voltage (say K) will generate a non-dimensional initial perturbation (say e), 

t In subsequent experiments, the wavelength is ~ l ~ a p  determined in this way, i.e. the 
pressure is adjusted till a desired wavelength is obtained. 
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FIGURE 3. Transfer function of the jet modulator at  100 kHz for ko = 0.4312. 

when the non-dimensional breakup time To for experimental input V ,  is the same as for 
the theoretical input, E. 

Figure 3 shows, on a semi-log graph for a non-dimensional wavenumber k, = 0.4312, 
the non-dimensional breakup time plotted for the theoretical input E and for the 
experimental input V ,  (V r.m.s.). Examining these plots, one finds that the theoretical 
breakup time can be approximated on a semi-log plot by a straight line 

To = 2.283-8602logs for k, = 0.4312, (1)t 

and the experimentally measured To can be represented on a semi-log plot by a third- 
order polynomial 

To = 28.290 - 7*648(log V,) - 1.620(10gV,)~ + 0-306(log V,)s for k, = 0.4312. 
(2)$ 

Comparing To from (1) and (2) we find that 

8 = exp [ - 7.044 + 2.071(1og V,) + 0*439(log V,)2- O.O83(log E)3] for k, = 0.4312. 
(3) 

If the modulator is operating away from its sharp resonances, we can expect the form 
of transfer function to remain the same over some range of operating parameters. In 

t A least square approximation is used for equations (1) and (2). For the Arst order in the 
linear theory with a velocity perturbation this equation would be 

To = 2.576 - 8.454 log 8.  

$ The form of this equation depends on the characteristic of the particular modulator. The 
modulator used was such that even a straight line 

would have been a reasonable fit to experimental data. However, using a third-order polynomial 
the maximum error in the non-dimensional breakup time over the entire data set is leas than 
f 0.03. 

To = 28.330- 0.786 (log K) 
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such a case the numerical coefficients appearing in (3) will be weak functions of 
operating frequency and wavenumber. 

In  fact, figure 3 itself can be used as a transfer function diagram. Drawing a 
constant To line, the intersection with experimental and theoretical curves gives the 
corresponding value of V ,  and E. 

4. Comparison with theory 
The transfer function between the disturbance input to the theoretical model (a)  

and the input to the experimental device has been found by comparing the non- 
dimensional breakup time calculated from the theory and measured experimentally. 
Even if the theory were completely erroneous, i t  would be possible to make this 
comparison and relate V ,  to E. What we need now is an independent check of some other 
characteristic that will enable us to evaluate the theory rationally. To do this we 
compute theoretical surface profiles and compare them with the experimentally 
determined ones. The following typical values of V ,  were selected and the corre- 
sponding values of e were computed using (3). 

... 2 4 10 20 40 

E ... 0.001 69 1 0.003498 0.009889 0.02263 0.05387 

Figure 4 (plates 1 and 2) shows the experimental jet profiles for these five values of 
V ,  along with the theoretical jet profiles for thecorrespondingfivevaluesof E. Comparing 
these figures we find that, for the low initial inputs, the experimental and the theor- 
etical profiles match very well except in the immediate neighbourhood of the breakup. 
Up to V ,  = 20V, the match is good except for the shape of the final drop. The theory 
correctly predicts the type of satellite separation, as in figures 4 (a-d). For V ,  = 40 V, 
the comparison is poor over the final wavelength and the mode of breakup is not 
correctly predicted. 

The reasons for these discrepancies between theoretical and experimental results 
are as follows. 

(i) The theoretical solution is an asymptotic one, strictly valid only in the limiting 
case of E --f 0.  Along with this, the assumption is made that the surface disturbance is 
always small, a condition which clearly does not hold in the neighbourhood of the 
breakup. This shows two limitations of the theoretical solution: (a) for large 8 the error 
in the results increases, and (b) in the neighbourhood of the breakup point, the solution 
will show a large error even for small B .  Both these limitations show up in the above 
comparison. 

(ii) Perhaps the greater part of the discrepancy, particularly at higher initial input, 
comes from the fact that the experimental modulator does not have the ideal initial 
conditions assumed in the theoretical solution. In the theoretical model it was assumed 
that the jet has a uniform velocity profile at the point of application of the initial 
disturbance. However, there is a small (finite) length near the exit of the nozzle where 
the velocity distribution changes rapidly. Considering the order of magnitude of the 
quantities involved in determining this length, we find that just outside the nozzle the 
fluid in the thin outer layer is accelerated by a shear force of the order of the shearing 
force at the nozzle surface. As this thin layer is accelerated from zero velocity to nearly 
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ko 0.002 0.004 0.01 0.02 0.04 0.07 0.1 0.2 
0.2 1 
0.31 
0.41 
0.4312 
0-51 
0.61 
0.697 
0.72 
0.74 
0.81 
0.91 
0.95 

41.801 
31.196 
26-095 
25.231 
22.579 
20.447 
19.452 
19.380 
19.409 
20.187 
26.144 
31.628 

37.133 
27-853 
23.444 
22.695 
20.303 
18.372 
17.420 
17.363 
17.363 
18.055 
22.435 
28-141 

30.965 
23,444 
19.899 
19.294 
17.306 
15.634 
14.769 
14.683 
14.683 
15.231 
18.833 
23.559 

26.297 
20.014 
17-219 
16,729 
15.029 
13.545 
12.752 
12.665 
12,665 
13-069 
16.124 
20.101 

21.599 
16.383 
14,589 
14.135 
12.810 
11.513 
10.734 
10,648 
10.648 
10.965 
13-415 
16.700 

17.767 
12.666 
12-349 
12.061 
11.052 
9-870 
9.149 
9.063 
9.034 
9.265 
11.311 
14.078 

15.288 

10,994 
10.735 
9.928 
8.833 
8.141 
8.054 
8.025 
8.228 
10.014 
12.650 

- 10.331 

8.458 
8.314 
7.623 
6.980 
6.296 
6,181 
6.162 
6.297 
8.084 

- 

- 
TABLE 1. Theoretical non-dimensional breakup time with fundamental input only. Fundamental 

frequency is 100 kHz; characteristic time is T* = 0.694 x lo-* s. 

the mean velocity of the jet, the shearing force reduces from maximum to nearly zero, 
and its length is of the order of the length of the nozzle. When the initial input is small 
and the breakoff distance is large, this initial length iaunimportant. However, when 
the initial input is large, the growth of the surface waves in this initial length can be 
large enough to affect the shape of the profile further down stream. 

(iii) The modulator generates its own harmonics, i.e. for a pure sinusoidal input 
voltage, the initial disturbance created on the jet is not monochromatic. This effect 
is expected to be more important for higher input voltages. 

(iv) The theory assumes that the results for the problem of temporal growth can be 
applied in this case, in which the jet perturbations are actually growing in space. This 
means that we have ignored certain axial gradients and flows which must become 
quite important as the breakup point is approached. 

In  a similar way, the jet modulator characteristics were investigated at several other 
wavenumbers. Tables 1-3 show these results. Table 1 shows the theoretical non- 
dimensional breakup times for a set of values of k, and e. Table 2 shows the experi- 
mental non-dimensional breakup time for similar values of k, and a set of Y,. Using 
these tables, transfer function diagrams (similar to figure 3) for various values of k, 
can be made. Table 3 shows, for various values of k,,, the coefficients of equations 
similar to (1)  and (2), which are calculated from the theoretical and experimental 
results given in tables 1 and 2. 

Investigating the values given in these tables, we arrive a t  several conclusions. 
(i) The theoretical maximum growth rate of the progressive jet occurs at  k, = 0.697 

(i.e. the maximum value of the slope a2 in table 3). This is the same as that given by the 
linear theory of Rayleigh (1945) and the third-order theory of Yuen (1968). 

(ii) Table 1 shows that the theoretical minimum non-dimensional breakup time 
does not occur a t  k, = 0.697, the wavenumber for the maximum growth rate. This is 
because the intercept (al) appearing in the equation for To is dependent on wave- 
number. Figure 5 shows the (theoretical) wavenumber k,, which gives the minimum 
breakup time for different initial inputs 6. This shows that, as 8 approaches zero, the 
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k0 0 1  

0.31 -0.396 
0.41 2.185 
0.51 2-418 
0.61 2.084 
0.697 1.557 
0.72 1.442 
0.74 1.392 
0.81 1.259 
0.91 1.474 
0.95 1.050 

aa 

- i l*801 
- 8.856 
- 7.456 
- 6.782 
- 6.610 
- 6.629 
- 6.655 
- 6.991 
- 8.703 
- 11.289 

bl 

35.548 
29.110 
25.638 
23.819 
23.092 
22-902 
22.295 
22.883 
25.772 
29.283 

b, 

- 8.206 
- 7.407 
- 6.954 
- 6.896 
- 7.061 
- 7.084 
- 6.977 
- 7.158 
-7.113 
- 9.508 

bs 

- 3.331 
-2.197 
- 1.042 

0.268 
0.580 
0.515 
0.068 

- 0.459 
- 4.073 
- 3.794 

b4 

0-747 
0.512 
0.073 

- 0.445 
- 0.397 
- 0.308 
-0.114 

0.289 
2.045 
2.035 

TABLE 3. Coefficients of the approximate equations for the theoretical and experimental non- 
dirneiisional breakup time. Generalization of equations (1) and (2) for various values of k, gives: 

To = a , + a , l o g e ;  
To = b, + b, log V,  + b,(log V.)2 + b,(log V.)a. 

- 12 - 8  - 4  0 
log E 

FIGURE 5. Non-dimensional wavenumber b, for minimum breakup 
time as a function of initial input 6. 

wavenumber for minimum breakup time will approach 0.697 and match the linear 
theory; otherwise, t.he minimum breakup time occurs at higher values of k,. 

(iii) Table 2 illustrates that the experimental minimum breakup time always  occur^ 

a t  k, = 0.74. Dependence on the initial inputs cannot be clearly seen in these experi- 
mental results. From tables 1 and 2 we observe that the experimental data fall in the 
range of E = 0.004 to 0.1 while figure 5 shows that the theoretical wavenumber for 
minimum breakup time in this range of E changes from 0.73 to 0.74. It appears that 
such a small change in the wavenumber could not be detected and a more precise 
experiment designed to detect this particular phenomenon may be necessary. 

(iv) Table 3 indicates that the particular jet modulator used had nearly straight 
line characteristics at k, = 0-74 (coefficients b, and b, are very small compared to bz) .  
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0.01 1 I I 

10 20 30 
Nondimensional breakup time, To 

FIQ~RE 6. Linear growth of the surfaoe waves near k, = 1 

(v) Table 3 shows the experimental polynomials for k, = 0.91 and k, = 0.95. Large 
deviations from a nearly straight line representation of To are obvious (i.e. the coef- 
ficients b, and b, are large) at these wavenumbers. This implies that the growth rate 
near k, = 1 deviates from the exponential growth rate, as we will show in more detail 
in the following section. 

5. Jet behaviour in the cut-off zone 
Two experiments were performed at k, = 0.99 and 1.02, close to the cut-off wave- 

number. The non-dimensional breakup time in these cases is also given in Table 2. The 
theory shows that for large inputs the surface waves grow linearly and that to first 
order [Chaudhary & Redekopp 1980, equation (31)] this time is given by 

To = (u0t)-l. 

The results of these experiments are shown in figure 6, where To is plotted against the 
reciprocal of the modulator input voltage V,. The straight lines in the figure are com- 
puted using least square approximation, for data in the range of 15 V to 70 V. In  agree- 
ment with the theoretical results, the experimental data shows a linear growth rate 



286 K. C. Chaudhapy an& T. Mamoorthy 

for large initial inputs and a transition towards a higher growth rate (i.e. smaller 
breakup time) for lower inputs (e.g. see data points for V ,  = 10 in figure 6). 

Figure 7 (plate 3) shows the jet profiles at  these two wavenumbers for several values 
of the input voltage. We see that the breakup is not well defined at low inputs but does 
become well defined for higher values of the input voltages, indicating that there is no 
shwp cut-off wavenumber. 
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FIGURE 4. Comparison of experimental and theoretical jet profiles with fundamental input alone. 
E ,  = 0.4312. (a )  Experimental profile: V,  = 2 V(r.m.s.), non-dimensional brcakup time 
T, = 25.83. Theoretical profile: E = 0.00169, To = 25.864. ( b )  Experimental prcfile: J: = 4 V 
(r.m.s.), To = 23-16. Theoretical profile: 8 = 0.00350, To = 23.18. (e) Experimental profile: 

= lOV(r.m.s.), T, = 19.32. Theoretical profile: E = 0.00989, To = 19-35. ( d )  Experimental 
profile: V,  = 20 V(r.m.s.), To = 16.30. Theoretical profile: 8 = 0.03263, T, = 16.29. (e) Experi- 
mental profile: T i  = 40 V(r.m.s.), To = 13.10. Theoretical profile: E = 0.05387, To = 13.10. 

CHAUDHARY AND MAXWORTHY (Facing p .  386) 
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FIGURE 7.  Behaviour of the progressive jet in the neighbourhood of k ,  = 1 .  k ,  = 0.99, funda- 
mental input only: (a )  1: = 7 V(r.m.s.); ( b )  = 10 V(r.m.s.); (c) I: = 40 V(r.m.s.). k ,  = 1.02, 
fundamental input only: (d )  = 7 V(r.m.s.); (e) J: = 15 V(r.m.s.); ( f )  J i  = 40 V(r.m.s.). With 
low initial input, breakup is not well defined, as indicated by fuzziness of the image due to lack 
of reproducibility in the breakdown process. As the initial input is increased, a well-defined 
breakup is obtained. 
CHAUDHARY AND MAXWORTHY 


